Abstract. The semiclassical approach based on the secular perturbation method, primarily introduced by Solov'ev to study the pure diamagnetism of hydrogen in the weak-field limit, is extended to the case where the atom is subjected to electric and magnetic fields both parallel to the Oz direction. The structure of the manifold of states with principal quantum number n is governed by the existence of an approximate constant of motion and the states can be classified into three groups. The semiclassical Bohr-Sommerfeld quantisation rule allows the energy of the states to be calculated. The main properties of the spectra and their evolution when one of the fields increases are analysed. An original comparison between the structure of the pure diamagnetic n multiplet with azimuthal quantum number M # 0 and the structure of the n, M = 0 multiplet with parallel fields is proposed.
Introduction
In the problem of highly excited states of the hydrogen atom perturbed by a weak magnetic field directed along the z axis, recent theoretical works (Solov'ev 1981 , Gay and Delande 1983 , Herrick 1982 brought into evidence an approximate constant of the motion A = 4A2 -5A: depending on the Runge-Lenz vector A = L x p + r/ r and describing the structure of a diamagnetic n manifold with a given total parity. The sign of this constant is directly connected to the existence of two classes of states as has been discussed in the previous paper (Cacciani er a1 1988a, hereafter referred to as I). The existence of these two different types of dynamics for the electron motion has been confirmed experimentally in the analysis of the diamagnetic structure in odd Rydberg states of lithium (Cacciani er a1 1986a, I ).
The present paper aims to analyse the structure of an n manifold in the hydrogen atom in the presence of parallel electric and magnetic fields. To understand this behaviour we extend the semiclassical approach based on secular perturbation theory developed by Solov'ev (1981 Solov'ev ( , 1982 . In this new situation the cylindrical symmetry is conserved and the azimuthal quantum number remains an exact one. However the electric field couples states with opposite total parity. The strengths of both fields are supposed to be weak enough for the corresponding interactions to be considered as 
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The energy is then equal to
E = E o + E p + & y 2 ( p 2 ) + f ( z )
where Eo is the unperturbed energy and E , the paramagnetic shift. diamagnetic perturbations:
We introduce the parameter p which measures the ratio between the electric and p =yf/ y 2 n 2 .
(3) The energy is expressed E = E o + E , + & y 2 n 2 ( n 2 + M 2 + n 2 A p ) (4) = Eo+ E,+ E , where the approximate constant of motion A, occurring in the diamagnetic plus linear Stark problem is:
A, = 4A2 -5Ai + lOPA, dt A, is the third integral of motion specific to the problem of the hydrogen atom in The /3 = 0 limit is the pure diamagnetic problem with the A = 4A2 -5A3 constant Another expression for the energy is weak parallel electric and magnetic fields.
of motion.
20
The p = +CO limiting case corresponds to the pure with the constant of motion A,/pl,-+E proportional Stark problem.
electric perturbation associated to A,, well known in the linear During the slow evolution of the parameters of the elliptic trajectory, the extremity of the Runge-Lenz vector A moves along a surface of equation A, = 4A2 -5A: + 10pA, = const.
This can be written in more convenient ways as:
A, =4A2 -5(AZ -p)'+ 5p2 ( 7 a ) =4A:-(A,-5p)*+25P2 ( 7 6 ) where A,, A, are respectively the components perpendicular and parallel to the z direction.
This surface is a hyperboloid of revolution centred at the point (A, = 0, A, = 5p).
The type of the hyperboloid depends on the sign of Ap -25p2. 
(ii) For Ap -25p2> 0 the hyperboloid has only one sheet called c (see figure 1) .
Figure 1. Secular variations of the Runge-Lenz vector A under the action of small magnetic and electric fields parallel to the z direction. The extremity of A moves on the hyperboloid of revolution AB = constant (equation (7)). / A / is smaller than 1, therefore A is bounded by the sphere of unit radius centred at the origin, the double cone asymptotic to the hyperboloid is shifted in the z direction by the quantity Sp. In the present case p =si, and there exist three sheets a, b and c. To and Tb denote the tops of the a and b sheets, I,, and I,, the z projections of the intersections between the sphere and the hyperboloid. The part of the hyperboloid inside the sphere has been drawn in heavy lines. ---, asymptotic cone with the top at ( A -= 0, A, = 5 p ) and semi-angle Bo with cot Bo= 2.
The double cone asymptotic to these hyperboloids has a semi-angle Bo with cot Bo = 2. One can notice that the situation is quasi-similar to the pure diamagnetic one except for the shift of 5p in the z direction and for the A = 0 limiting condition changed into
The modulus of the Runge-Lenz vector is restricted to the range A:+AI6 1 -M 2 / n 2 .
A just moves into the inner part of the sphere of radius one when M = 0. The following concerns the case M = 0 unless the contrary is specified. We deduce the inequalities satisfied by A, :
Variation range for
5Ai -IOPA, + A, -4 6 0 IA,Is 1.
A general condition for the existence of a solution for inequality ( 9 a ) is that the discriminant is positive A, s 5 p 2 + 4 .
(10)
The first term of inequality ( 9 a ) vanishes for I,= ( i = 1,2) represent the ordinates of the intersections between the sphere and the hyperboloid only if lItzl s 1. Table 1 shows that the number of intersections between the sphere and the hyperboloid (or equivalently the number of solutions of the inequalities (9)) depends on p and A, ; furthermore for a chosen p value, the energy of the states (i.e. A p ) is limited from below and from above. This analysis points out the existence of the particular value p = 1; for p > 1, I , , is necessarily greater than 1 and then there exists no mor: than one intersection between the sphere and the hyperboloid. Let us remark that when the sphere intersects the sheet c (A, > 25p2), it necessarily crosses this sheet twice; for the sheet a there exists at most one intersection. For the sheet b one 0:' two intersections can be present. tangent to the sphere at the points with ordinates A, equal to To,= 1, Tbz=-l and I,, = I*, = P, respectively (equations (8), (1 1)). More precisely
For , 6 <$, the extension domain for A, and the extrema1 values of A,, when the tip of A sweeps one of the three sheets, are specified in table 2. (figure 2 ( a ) sheets b2 and c). Let us emphasise that the portion of space swept by the A vector is very similar for both sheets; therefore the asymptotic cone A, = 2 5 p 2 no longer constitutes a discontinuity in the properties of the states for +< p < 1/&. For p = l/& the asymptotic cone is tangent to the sphere and for 1 / 8 < p < 1 the two intersections between the sphere and the hyperboloid necessarily belong to the sheet b (figure 2(b) sheet b2).
In conclusion, for 1 / 8 < p < 1 two different motions exist for the A vector; the different behaviours are not associated with the sheet of the hyperboloid involved but they are tightly connected to the number of intersections between the sphere and the hyperboloid or equivalently to the boundary conditions limiting the A, variation. The extremal A, values, the sheet swept by the tip of A and the extension for A, are summarised in table 2.
For p > 1, necessarily there only exists one single intersection between the sphere and the hyperboloid (table 1) and it is unavoidably located on the sheet b (figure 2(c) sheet bl). Then the A motion is limited by this intersection 12, and the top Tbz. The corresponding range of A, is easily deduced and is presented in table 2.
Definition of the classes of states.
In the evolution of the Runge-Lenz vector, the nature of the extremal points limiting the variation range for A, permits us to distinguish three types of behaviours associated with three classes of states called I, I1 and 111:
I
where Tb is the top of the sheet b and I2 = b n s
I1
where T, is the top of the sheet a and Il = a n s
I11
where I, and I, are the two intersections of the sphere with the sheets b or c of the hyperboloid. The classes are specified in table 2.
It must be pointed out that this definition of the classes of states for hydrogen in the presence of parallel electric and magnetic fields generalises the definitions introduced in I for the problem of pure diamagnetism. In this latter case p = 0, and the hyperboloid is symmetrical with respect to the z = 0 plane. The sheets a and b are swept by the tip of A when -1 s A s 0 and the ordinates of their tops are equal to
These sheets are associated with classes I and I1 which, due to the symmetry with respect to the z = 0 plane, correspond to degenerate states. The sheet c is related to the class 111, which has an extension 0 < A S + 4. The z projections of the intersections between the sphere and the hyperboloid exist if -1 s A S + 4 and satisfy It is noteworthy that these three classes of states are not unambiguously determined by the sheets a, b, c swept by the extremity of A when p > i: for example a motion along the sheet b corresponds to either class I or 111; furthermore class I11 is associated with sheets b or c. The three classes are exclusively defined by the nature of the extrema1 positions of the A vector during its slow evolution. Other authors (Braun and Solov'ev 1984) have given an equivalent definition of the classes in a completely different approach.
It is to be noticed that the number of classes involved in the manifold depends on the p values:
O < p S $ the three classes exist ; S p < l p 2 1 only class I remains.
class I1 is no longer present
The range of variation of A, depends on the p value and on the studied class; according to equation (4) or (6) the energy extension of the classes is a function of p.
The results obtained for M = 0 states are summarised in table 3. Two situations are simultaneously presented; one of the fields y (respectively f ) is kept constant while the other one f ( y ) increases. 
2.2.4.
Transition from one class into another one, barrier and quasibarrier. Figure 3 presents the domains in the (p, Ap) plane where the different classes exist. The sheet a, b or c swept by the extremity of A is also specified.
For p <+, the lower bounds of A p for the classes I and I1 vary linearly with p which reflects the linear Stark effect. In the same p range, the limits for the class I11 increase quadratically with p according to the quadratic Stark effect. These distinct behaviours for the classes I and I1 on the one hand, and for the class I11 on the other hand, arise from completely different symmetry properties. Indeed for the states belonging to classes I and 11, one boundary in the A motion corresponds to a position either parallel ( 8 = 0) or antiparallel ( 8 = 7~) to the fields' direction; on the contrary, for class I11 states the A vector can never be directed along Oz; as a result classes I and I1 possess a librational symmetry while class 111 corresponds to a rotational one (Delos et a1 1983 , Waterland et a1 1987 For 0 < p < i, the line A, = 25p2 representing the asymptotic cone separates the (p, A,) diagram into two regions associated with states of different symmetry. This curve generalises to the problem of parallel B and F fields the separatrix A = 0 which plays a very important role in the problem of pure diamagnetism, especially for the transition from regular to chaotic character for classical motion (Delande and Gay 1986) . For parallel B and F fields, this separatrix A, = 25p2 with 0 -s p s i is responsible for the restructuring of the energy spectrum with increasing p, as is discussed below (0 2.4); this separatrix is called the 'potential barrier' by Braun and Solov'ev (1984) .
When < p < 1, the curve A, = lop -1 divides the diagram (p, A,) into two zones where either librational (class I) or rotational (class 111) states appear; this A, value corresponds to the particular case where the b sheet is internally tangent to the sphere ( Tbz = +1). This limit called the 'quasi-potential barrier' is less crucial than the previous one, and introduces less striking discontinuities in the evolution of the energy states.
If p > 1, only librational states typical of the linear Stark effect subsist. (8) 2.3.1. General expression for the quantisation integral. The existence of the three integrals of motion (Lz, Eo, A,) allows a formulation of the Bohr-Sommerfeld rules.
Bohr-Sommerfeld quantisation of L,
The origin of the frame is located at the nucleus, i.e. a focus of the ellipse. The position r of the electron is defined by the three angular coordinates 4, 0 and 9. The A vector is determined by the first two coordinates.
e is the angle between B and A.
4 gives the direction of the projection of A onto the plane perpendicular to the B direction.
The CC, angle defines the position of the electron on the ellipse with respect to the A vector. The conjugate momentum Zd is equal to L, and the action 5 Z$ d$ to 27r/( -2Eo)1/2. For these two coordinates the quantisation rules give the obvious results:
It is possible to demonstrate that the generalised momentum conjugated to the third coordinate 8 is the component L , of the angular momentum perpendicular to the plane defined by the z axis and the Runge-Lenz vector A. It is expressed in terms of the angle 0 and the modulus of the Runge-Lenz vector A:
The modulus A satisfies the following equation, deduced from the expression of Ap (equation (7) (13b) Equation (13a) defines the hyperboloid and the condition (13b) restricts this surface to its part internal to the sphere of unit radius. Thus, the existence of the solutions A, is linked to the relative position of the sphere and the hyperboloid studied in 9 2.2:
our interest is not only to determine the range of A, value which defines the type of motion but also to calculate the dependence of the modulus of A on the 0 angle at fixed values of (Ap, p ) . Let us remark that A( e ) is not necessarily a uniform function of 0: for some 0 values, two roots A, can exist. In relation to the equation ( 1 1 ) , the slow motion of the extremity of A on one sheet of the hyperboloid defined by ( A p , p )
is unambiguously described by a trajectory C' in the phase space (e, 15,).
The quantisation condition on the contour C' by restricting to the L,zO plane and with an algebraic definition of the integral can be expressed:
where O1 and O2 are the 8 turning points where L , vanishes and dL,/de becomes infinite.
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For M = 0, the 6 turning points correspond to A2( 8 ) = 1: they are defined by the intersections between the sphere and the hyperboloid (equation ( 1 1)) . Consequently COS e, = ii, i = 1 or 2. (14) In this case and for some trajectories el or 0, can be equal to 0 or 7~ which corresponds to the tops T, or Tb of the sheets a or b. These limiting 6 values are no longer so-called 6 turning points ( L , # 0) but the topological nature of the trajectory is such that we can keep the same quantisation condition.
For M = 0 the quantisation condition becomes where the left integral part does not depend on the n value any more.
Let us remark that depending on the p, A, values either the root A+ or the root ( N I + N I , + N,,, = n ) .
The equations are solved by using an iterative process to determine the AP,k values.
For p s : and some n, M, p values, the quantisation technique can break down near the barrier A, = 25p2 and gives n -lMl* 1 levels: a level can be created or forgotten. However this feature appears very close to the barrier and in our drawings to keep the right number of levels ( n -111. 11) we omit or add a level at the barrier. Such a fact does not appear in a quantum mechanical treatment where all the states are always obtained and must be continuously followed when p varies (Waterland et a1 1987) . It can be noticed that the semiclassical technique gives a significant partition of the states between the three types by calculating the non-integer values NI, NI, and NITI, but is unable to take into account quantum mechanical tunnelling between the different types.
In relation to the experimental results (Cacciani et a1 1986b) 
Explicit expression for the integrals S(A,)
for M = Ostates. The explicit expression of the quantisation integral S (equation (15)) depends on the class of states studied and on the p and A, values. Details are given below. For the maximal A, value, independently of p , the integral on the right-hand side is minimal, therefore SI(A,) is maximal and consequently k, is maximal when A, is as large as possible. For p > 1 and A, = lop -1, the limiting trajectory reduces to the point ( 8 = 0, L , = 0) and the maximum value for the quantisation integral is equal to T ; in this case the top Tb is at the highest point of the sphere ( Tbz = +l). When -1 -lop 6 A, 6 0 two situations are possible depending on the location, with respect to the sphere of unit radius, of the circle defined by the cone of semi-angle OT (equation (16)). For A@ = lop -1, the trajectory reduces to the point (0, = 0, L , = 0), the top of the hyperboloid To lying at the highest point of the sphere. Then SI, takes its smallest value; k,, = 0 corresponds to the minimum of the quantised A p value. For A, = 25p2, the integral is maximal and therefore the maximum value of k,, is associated with the largest value of A,.
2.3.2.(a) Class I. When

2.3.2(c) Class III.
This class exists when 2 5 p 2 S A, s 5p2+4 for , L? S i or when lop -1 ==A, s 5 p 2 + 4 for p ai.
The trajectory is of the type 5 when the cone of semi-angle eT is tangential to the sheet c of the hyperboloid, the tangent circle being located inside the sphere. Then with eT < el < e,, A+( 6,) = A-( 0,) and A+( 0,) = A-( e,) = 1. When there is no circle inside the sphere, the trajectory in the phase space is of the type 6 and with 8, < O2 and A+( e,) = A+( e,) = 1.
For the smallest A@ value, independently of the p value, the integral SI,, is maximal; therefore the maximum of k,,, corresponds to the minimum of the quantised A, value. For the largest A, value, the hyperboloid is exteriorly tangential to the sphere 8, = &= and the trajectory in the phase space reduces to the point (e,, L,( e,)) = 0. The value k,,, = 0 is associated with the maximum of the A, value.
2.3.3.
Number of states in each class. As an immediate consequence of these expressions for the quantisation integral, the number of states in each class can be calculated analytically. Different situations are to be analysed successively depending on the p values. 
2.3.3(a)
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However, N , , ( p ) always decreases with increasing p. 2.3.3(b) 
Evolution with increasing F of the structure of the diamagnetic manifold. Evolution with increasing B of the structure of the Stark multiplet (BIIF)
The quantised values Ap,k have been calculated for all states of the n = 30, M = O manifold and for different p values. These results are valid in the weak-field limit,
where the diamagnetic plus Stark interaction can be treated to first order of the perturbation theory coupling states belonging to the same n manifold. All these values have been compared to those obtained by a diagonalisation process using a spherical basis at vanishing fields. The agreement is quite good (~1 % ) but quantal effects like the splitting of the low doublets when p = 0, or the exact position of states near the barrier A, = 25p2, cannot be explained with our semiclassical model. Furthermore, as discussed above, there is sometimes a 'missing' or 'added' state in the semiclassical treatment.
B =constant; F increasing.
The restructuring of the diamagnetic manifold ( n , M, B fixed) under the influence of an increasing electric field parallel to the magnetic field is presented in figure 6 . The evolution of A, as a function of p is presented. In figure 6 ( a ) the studied p range ( p S i ) corresponds to the situation where the diamagnetic effect is predominant compared with the linear Stark effect. Figure 6 ( b ) concerns higher p values. On these diagrams the critical values of p-0, f and l-are reported and the limiting curves describing the A, extension for the classes are drawn. These figures summarise the different features mentioned above and previously discussed by Braun and Solov'ev (1984) . (i) The condition for the existence of the three classes of states and their energy extension (table 2 ) .
(ii) Twofold degeneracy of the lower part of the diamagnetic manifold ( p = 0 ) giving rise to a linear Stark effect as soon as p # 0. The degenerate parts of states split up into class I and class I1 states with a negative and a positive slope, respectively.
(iii) Crossing between states belonging to the classes I and 11, for p s i . It is to be emphasised that all the involved pairs of states undergo a crossing at the same p K values, these p K values being equally spaced. An analytical demonstration of this remarkable feature is presented below ( § 2 . 5 ) ; it is deduced from the explicit expression of the semiclassical quantisation integrals. Hydrogen atom in the presence of parallel magnetic and electricjelds 35 15 Furthermore it has been shown that these states exhibit crossings which appear at the same / 3 value (Braun and Solov'ev 1984) . To explain this phenomenon we demonstrate below that in this domain, independently to the p value, the two integrals SI and SI, calculated for the same A, value verify
S I ( A~) -S I I ( A , )
= J s P r .
(20)
Consequently for P K values such that each state k,, of the class 11, associated with the A,, verifying the quantisation integral (17), can be associated with the state k , = k,,+ K of the class I with the same ApK, which satisfies also the quantisation integral:
for each kII
This demonstration is based on the analytical calculation of dS,(A,)/dA, and dS,,(Ap)/aA, in terms of complete elliptic integrals of the first kind.
As a result we have proved that for the same A, value Furthermore for A, =25p2, the two integrals S,(25pz) and S,,(25p2) differ by the quantity f i p n (equation (18) 
4J5[(1-p)(l-5p)]"'
It is noteworthy that these formulae have already been obtained by Braun and Solov'ev (1984) using a completely different method.
The limiting values A, =25p2 for p=z+ and A, = + I O p -l for 4 s b s l called respectively barrier and quasibarrier by Braun and Solov'ev (1984) have the following properties:
Thus when we use the semiclassical quantisation, the density of states in the discrete spectrum equal to dk/dA, = (n/.rr) dS/dA, becomes infinite near the barrier or the quasibarrier. 
Let us emphasise that this p M value is identical to p K corresponding to crossings between states I and I1 (equation (21) 
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As an example we have plotted in figure 8 
Conclusion
The problem of the hydrogen atom perturbed by weak parallel electric and magnetic fields has been studied from the semiclassical point of view. In the 'inter-1 mixing' regime, the structure of a given (n, M ) manifold is entirely determined by the approximate constant of motion A p , which is expressed in terms of the components of the Runge-Lenz vector A. The analysis of the slow evolution of this vector permits us to define unambiguously three classes of states according to the nature of the extrema1 positions of the A vector. The quantisation of the classical conjugate action variables (8, L,) allows one to determine the A, values, i.e. the energy of the states, for different values of the parameter p representing the relative strength of the linear Stark effect with respect 1:o the diamagnetic interaction. As p increases, one observes the restructuring of the energy spectrum from pure diamagnetic structure to Stark linear structure.
The potential barrier (Ap = 25p2 for O < p <+) and the quasibarrier (A, = -1 -lop for f < p < 1) are shown to take a prominent part in this reorganisation. Analytical computation of the integrals expressing the quantisation rules allow us to demonstrate that each class I1 state crosses a class I state at the same p value. Furthermore this analytical analysis allows one to establish that there exists a tight connection between the spectra observed in two different experimental conditions: the structure of the pure ( p = 0) diamagnetic manifold for M f 0 states can be obtained from the energies of the n -11111 more excited states or doublets observed in the presence of parallel B and F fields satisfying PM = / M l / n f i . More thorough investigations are to be pursued in order to explain more physically this striking result. In the problem of parallel fields, the experimental evidence for the existence and for the behaviour of the three classes of states is confirmed by a high-resolution laser spectroscopy experiment performed on an atomic beam of lithium. This experiment is an extension of the previous one (I) dealing with odd Rydberg states of lithium submitted to only an external magnetic field. The hydrogenic model we have developed here gives the frame for the interpretation of the results which are presented in the third paper of this series (Cacciani et a1 1988b) .
